stichting
mathematisch
centrum MC
AFDELING ZUIVERE WISKUNDE ZW 1970-010 NOVEMBER
T.A. CHAPMAN
DEFICIENCY IN INFINITE-DIMENS IONAL MANIFOLDS
——

2e boerhaavestraat 49 amsterdam

MATHEMATISCH CENTRUM

BIBLIOTHEEK
AMSTERDAIM




wted at the Mathematical Centre, 49, Ze Boerhaavestraat, Amstendam.

Mathematical Centre, founded the 11-th of Febauary 1946, 4is a non-
it Anstitution aiming at the promotion of pure mathematics and its
Leations. 1t 48 sponsored by the Netherlands Govermment through the
elands Onganization forn the Advancement of Pure Reseanch (Z.W.0),
he Municipality of Amsterdam, by the University of Amsterdam, by
Free University at Amstendam, and by industries.




Introduction
Preliminaries
The equivalence of
Deforming a manifo:
A proof of Theorem
?roof of Theorem 1







Introduction. In Efa it was shown that if E is a metric topological
ztor space (MIVS) which is homeomorphic (2) to its own countable in-
aite product Eé,_and M is any E-manifold (i.e. M is a paracompact mani-

ld modeled on E),.then M= M x E. Accordingly we define a subset XK of

;0 have E-deficiency (or to be E-deficient) provided that K is closed
i there exists a homeomorphism h: M+ M X E such that h(K)CM x {0}.
Such sets have proved to be important to the point-set topology of
finite dimensional manifolds because of results of the following two

es.

) Negligibility theorem. If 22 is separable infinite-dimensional

.bert space, M is an 22-manifold, and KcM is a countable union of 22—
“icient sets, then it was shown in [i]'that M= M\ K. More general
sults have been established in [8].

| Homeomorphism extension theorems. If M is as in (1), K, and K, are

2
-deficient sets in M, and h: K, - K2 is a homeomorphism which is ho-

1
opic to id, (the identity on Kl)’ then h can be extended to a mani-
4 homeomorpﬁism Bﬂ For K1 and . K2 additionally assumed to be ANR's,
1m11ar result has been established for more general linear spaces

> 0.

In applications it is not easy to recognize that some sets have

eficiency, thus it becomes desirable to have a coordinate-free topo-
ical characterization of E-deficiency in E-manifolds M. Such a
racterization was obtained in [3] for M = 22 and in [j] it was gen-
lized to M any 22—manifold. It states (using a notion introduced by’
erson in [3]) that KCM (where M is an 22—manifold) is 2°-definient
K has Property Z (or is a Z-set), where a set F in a space X has
perty 7Z iff F is closed and for each non-null, homotopically trivial
n set Uin X, U\ F is non-null and homotopically trivial. Among

er things this enables us to recognize collared, closed sub-manl-

ds'of M (i.e. bounderies of M) as being’ Zz-def1c1ent and any




closed subset of M which is a countable union of 12-deficient sets 1is

itself le-deficient.

The main result of this paper is the following, which generalizes

this characterization of E-deficiency to Fréchet manifolds.

Theorem 1. Let E = g be a Fréchet space, M be an E-manifold, and let

{cM. Then K has E-deficiency iff K has Property Z.

We remark that there are no known examples of infinite-dimensional
Tréchet spaces E which do not satisfy the condition E = EY.
oncerning techniques it should be remarked that the proof of the
rorresponding result for M = 22 [i] used the topology of the Hilbert
swube I and the fact that 22 can be compactified by I (since 22 is
iomecomorphic to the countable pfoduct of lines [ﬁ]). The proof we give
for Theorem 1 also uses the fact that 22 can be compactified by I

Using Theorem 1 above and Theorem 1 of Bﬂ we easily obtain the

‘ollowing result.

corollary. Let M be as in Theorem 1 and let KCM be a countable union

)f Z-sets. Then K is strongly negligible in M, i.e. there exists

a
iomeomorphism h: M -+ M \K which mey be chosen arbitrarily close to

.dM.

The notion of "arbitrarily close" will be made precise in the next

iection). We remark that by using different techniques David W.
[enderson has recently shown (unpublished) that single Z-sets are
trongly negligible in E-manifolds, where E = E® is a locally convex
LC) MTVS.

In Theorem 2 we estaﬁlish e homeomorphism extension theorem which
,eneralizes the extension theorem of Dﬂ (which was proved for 22
lanifolds). In Theorem 2' below we give a simplified version of Theorem

)

' The more general statement appears in Section 5.

heorem 2'. Let E % E” be a LCMIVS and let M be an E-manifold. If K1 and

o Bre E-deficient subsets of M and h; K1 > K2 is a homeomorphism which
s

homotopic to idK » then'h can be extended to a manifold homebmorphism.
1 ,




>reliminaries. In this paper all spaces will be assumed to be metric

all homeomorphisms will be assumed to be onto.

wet X and Y be spaces and let Wbe an open cover of Y. Then fune-
1s f,g: X > Y are said to be U~close provided that for each xeX

e exists a UcWsuch that f(x), g(x)eU. A function F: X x I - Y (where
[0,1]) is said to be limited by Wprovided that for each xeX

‘e exists a U¢Wsuch that F({x} x I)cU.

[f X is a space and FcX is closed, then by Lemma 3 of [5] there ex-
; an open cover Wof X \F such that if h: X \ F - X \F is any ho-
1orphism which is W-close to idX\F’ then h can be extended to a ho-
orphism h: X + X which satisfies & | F = id_F. Such a cover of

F will be called normal (with respect to F).

€t X be a space and let {f:'._};.;1 be a collection of homeomorphisms

. onto itself. Then for each x¢X we let f(x) = lim f.o...0f (x), if

limit exists. If f(x) exists, for all xeX, then we write f Lni=1fi’

call it the infinite left product of {fi}i=1' We now state a
ergence criterion for infinite left products. This is essentially

formulation of West's version [18] of Theorem L4.2 of D&] .

ergence Procedure. Let X be a (topologically) complete space and let

.an open cover of X. Then to each homeomorphism f: X » X and each
ger i > 0 we can assign an open cover u,i(f) of X such that if

=1 is any collection of homeomorphisms of X onto itself for which
iswi(f.o...of ) - close to id?( for all i > 0, then f = LII £

=1
& homeomorphism of X onto itself which 1s W-close to 1d.x

here is one other notion of deficiency which will bé useful in the
el. Let X be a space which is homeomorphic to X x 22 and let KcX.
K has ze—deficiency provided that K is closed and there exists a
smorphism h: X - X x g2 which satisfies h(K)cX x {0}.

2 will represent the Hilbert cube I as II =1 Il, where each Ii is
:losed interval [-1,7]. The set ]'[ =1 I:, where I = (=1,1), will be

;ed by s. In [2] it is shown that sxI Zg and we have already re-

:d that s T 2°.




3. The equivalance of E- and 22—deficiency. The main result of this sec-

tion is Theorem 3.1, where we show that in certain spaces E-deficiency
and zz—deficiency are equivalent concepts. A similar proposition was
established in [9], where E was additionally assumed to be a Banach
space. We remark that the proof we give of Theorem 3.1 below follows in
broad outline the proof of the corresponding result of [9], with appro-
priate modifications being made to overcome the lack of & norm. We will
first need a technical result concerning open cones. (By the open cone
over a space X (denoted by C(X)) we mean the space {v}U(X x (0,1)),
which is topologized by choosing as a basis the usual topology on X x
(0,1) together with all sets of the form {vIN(X x.(O,t)), for all te
(0,1). We call v the vertex of the cone). We omit the proof of the

lemma, since it is similar to Theorem 5.3 of [17].

Lemma 3.1. Let E = g be & MIVS. Then there exists & homeomorphism h:
g x [0,1) x E~ C(E) x E which satisfies the following propertles.
(1) n(E x {t} x E) = E x {t} x E, for all t¢(0,1),

(2) n(E x {0} x E)
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heorem 3.1. Let E = E” be a MIVS, M be an E-manifold, and let K(M.

Then K has E-deficiency iff K has 22-deficiency.

’roof. Assume K has E-deficiency and let f: M - M x E x E be a homeo-
norphism such that f£(K)CM x E x {0}. By the Bartle-Graves-Michael
heorem [15] we have E = (-1,1) x G, for some G. Thus

e

w

EYE (-1,1)" x ¢¥ 2 (~1,1)% x (=1,1)% x g

since (=1,1)% = s

E

1

(-1,1)* x E,
2 ~ 2 2
2” we have E = E x &, Let g: E~> E X 2~ be a ho-

n

reomorphism which setisfies g(0) = (0,0) and let T:M>MxExE x 2°
e defined by T(x) = (id x g) of (x), where id x g: M X E X E > M x E x

2 . . . ~
I x 27 is defined by (id x g)(x,y,z) = (x,y,g(z)). Then f is a homeo-
rorphism and F(K)cM x E x E x {0}. This implies that K has 22—deficiency

On the other hand assume that K has Zz-deficiency. Thus we have a
lomeomorphism £f: M >~ M x 22 such that £(K)M x {0}, It is easy to mo-
lify £ to get a homeomorphism F: M>MxE x [0,1) % E which satisfies




JCM x E x {0} x E. (Use the fact that 2% & 22 x [0,1) [43]). Let n:
[0,1) x E = C(E) x E be the homeomorphism described in Lemma 3.1.

idy x h: M x E x [0,1) xE> M x C(E) x E is a homeomorphism and
x h)oF (K)M x {v} x E, where Vv is the vertex of C(E).

1 the proof of Lemma 2 of [12] there is a proof that E x 22 =

< 8,), where 5, = {xelzl ||x]] = 1}. since s, z 22 [13] we have

~

>(E). Thus'we can modify (idM x h)of to get a homeomorphism g:
1 x E which satisfies g(K)cM x {0}. ]

‘orming a manifold to an 22 deficient subset. The main result of

section is Theorem 4.2, which shows how to deform certain manifolds

subsets which have Ze-def1c1ency. The following lemma is needed for

roof.

I I Let X bé & space and let K be a closed subset of X x I

such

K ¢ X x s. Then there exists & homeomorphism f: X X I > X x I
. satisfies f(K)<X x II [—5,%_]

's For each integer i > O and each x¢X let

(e1b {6, (x,t)K}, if Ka({x} x I°) 4 ¢
£.(x) =

1, if Kn({x} x I1") =
we adopt the convention that if teIw, then ti is the ith coordinate

X > (~1,1] is lower semi-
nuous. Thus by Dowker's theorem ( DO] page 170) there is a con-

as function g;* X > (=1,1) vhich satisfies -1 < g; (x) < £ (x)

It follows routinely that each f

, for

eX. Slmllarly there is a continuous function g1 X > (=1 1) which

Pies -1 < gi(x) < g.(x) <leand 1, om w(Kﬂ({x} x I ))C.(g (X),g (X))

L1 x¢X, where Tl'Ioo - I and Mt X X I > 17 are projections.

» each pair g,b,of real numbers satisfying -1<a<b<1,

3

- there exists a
plecewise linear homeomorphism h : [—1,1] -+ [—1,1] which satis-
9

L(a) = ,(B) =
-1 af_] [ab], and Eo 1]

w detine £: X x 17 X x 3 by £, (50) = (g () 00 (800),
1770

3, and ha b is linear an each of the inter-
b




or all (x,(ti)) € X XTI . Clearly f fulfills our requirements. [:

1eorem 4.1, Let E % E” be a MTVS, M be an E-manifold, KCM be 22-

sficient, and let Wbe an open cover of M. Then there exists a homotopy -
t M I > M such that He'= id, H_[K = id, for all t¢I, Ho : M~ Mis

1 embedding such that H, (M) is 2°~deficient, and H is llmlted_lel

roof. Since I X s = s we can use an argument llke that used in Lemma 6
ﬁﬂ to prove that a closed set FCM has 22—def1c1ency iff there exists
homeomorphlsm of M onto M x I taking F into M x {0}. Thus let f:M -

x I be a homeomorphism such that £(K)CM x {0},

Using techniques like those used in Lemma 4.1 we can clearly construct
homotopy G : M X I x L+ M x I such that Go = id, G, : M x I”+ Mx I
- a closed embedding such that G, (M x I")eM x s, G IM x {0} = iq,
r all t,and G is limited by f(ﬂ) the cover of M x I -1nduced by f and

Then define H : M x I - M by Ht(X) = £ oGtof(x). All we have to do

show that H,(M) has le-deficiency.

Note that foH (M) is a closed subset of M x I which satisfies
H (M)CM X 5, U51ng Lemma L.1 there exists a homeomorphism g: M x I -

x I such that gofoH (M)cM = H 1[ 2,é] From [2] it follows that there
ists a homeomorphlsm h: I -> I X I such theat h(H 1[.z,i])CI x {0},
th: Mx 17+ M x I7 x T° be defined by h(x,y) = (x sh(y)). Then

gofoH (M)CM X I x{0}. By our comments sbove this proves that H 1(M)

5 2—def1c1ency, []




proof of Theorem 2. The main result of this section is Theorem 2,

: we generalize the homeomorphism extension theorem of [6]. The proof
lve follows in broad outline the proof given in [6], but there are
7 technicalities which have to be overcome in order to make the

” work. We will need the following mapping replacement theorem which
ibles Theorem 3.1 of [6:]

v 5.1, Let EZ g be a LCMTVS, M be an E-manifold, X be a space which
e embedded as a closed subset of E, ACX be closed, and let f:X -~ M

continuous function such that f[A is a homeomorphism of A onto an

‘icient subset of M. If \Lis any open cover of M, then there exists
bedding g: X > M such that g(X) is E-deficient, glA = £|A, and g
close to f.

'» Using Theorem 4.1 and the fact that E is an AR [16], & proof
e given which is similar to Theorem 3.1 of [6]. ]

will also need the following generalization of Theorem 2 of [7]

5.2, Let E = Eg” be & MTVS, M be & connected E-manifold, and let .

e en E-deficient set. Then M can be embedded &s an open subset of

that K is taken onto an E-deficient (and therefore closed) subset

. The proof proceeds routinely as in Theorem 2 of [7] provided we
that (1) M can be embedded as an open subset of E, and (2) there
5 a homotopy H: E x I + E such that H, = idE H is a homeomorphism
), for 0<t<1, and Hi: B> EN\ {0} is a homeomorphlsm. The first
sion is just Theorem k4 of [12] and the second assertlon follows

a corresponding property is true for SL [h] and also since E %
: (as was noted in Theorem 3.1). [ ] |

m 2. Let E %Y be & LCMTVS, M be an E-manifold, and let K

2
leficient subsets of M for which there exists & homotopy H: K1 x I
ich that H, = 1d.K and H : K > K is ‘& homeomorphism. Ifw 1s an

rover of M such that His llmlted ‘_o_y;u, then there exists an ambient




invertible isotopy G : M x I - M which satisfies G, = id, G, IK1 = H,,
and G is limited by st3(0) (the 37 star of the cover W).

(An isotopy G : X x I + X is said to be an ambient invertible isotopy

srovided that each level is an onto homeomorphism and G X xI > X,
iefined by G:Tx) = G;1(x), is continuous).
>roof. First note that a homeomorphism extension theorem for E (without
che limitation by covers) is easy to establish for E-deficient subsets
>f E. One merely uses the technique of Klee [1L], as used in [2]. Thus
in the case that K10K2 = ¢ we can use Lemma 5.1 and the techniques of
[6] to obtain our desired ambient invertible isotopy.

On the other hand assume that K1nK2 ¥ ¢. It foilows routinely that
(1 and K2 are Z-sets, and therefore KTUK2 is a Z-set. Using an unpub-
lished result of David W. Henderson there exists, for each open cover
' of M, a homotopy F : M x I +- M such that F, = idM,
!l(F1(M))ﬂ(K+JK2) = ¢(where Cl denotes closure), and F is limited by U'.
'hus by Lemma 5.1 and an appropriate choice of W', there exists an embed
ling F— : K, x I > M such thet Fy = id_ , F (K, x I) is an E-deficient
et in M for which F)(K)N(KUK,) =¢, afid F* is limited by W.

Using the above remarks there exists an ambient invertible isotopy
T, and G is limited by W.
lote that K, and FT(KQ) are disjoint E~deficient subsets of M and F?6H1
'1 - FTYKz) is a homeomorphism which is homotopic to idK » with a homo-

¥*

" ¢ M x I + M such that G, = idy, G Ik, = F

S

;opy that is limited by St(W). We can once more use the Above techniques

0 find an ambient.invertible isotopy HS : M xI>M such that Ht'= idM,
e

[?1K1 = F10H1, and H  is limited by Sé%UJ. Then the obvious composition
b= (6)7 ' fulfills our requirements. ]




roof of Theorem 1. The step from E-deficiency to Property Z is
ightfoward and resembles Theorem 9.1 of [3] For the other implication
K<M have Property 2 ahd let h : M > M x I be a homeomorphlsm. Using

representation for I and s given in Section 2 let B(I ) = I \ s.

s shown in [i] that’there is a homeomorphism of I onto itself which
s B(Iw) into s. We can obviously write B(Iw)

1]

L):=1 C,» where each

s compact. Thus using the above comment and the techniques of Theorem
it follows that each M x C is E-deficient in M x T .

e will describe- a sequence {g } of homeomorphisms of M x I onto

Lf whose left product g = LW 1g gives a homeomorphism of M x I

itself which satisfies goh(K)CM X 8. Then we can apply the tech-

s of Theorem L.1 to conclude that goh(K) is E-deficient.

nce h(K) is a Z-set in M X I we can use the technique of the proof
leorem 2 to get & homeomorphism gy ¢ M x I°° + M x Ioo such that

K)n(M x C, ) = ¢. Now invoking the Convergence Procedure of Section
need to produce & homecmorphism g, : MxI° +M x I” which is

se to idM ™5 for any prechosen open cover Wof M x I?° and

oh(K)N(M x (C UC )) = ¢. Once more using the fact that M x (C UC )
-deficient and g1oh(K) is a Z-set, we can use the techniques of

'em 2 to obtain the desired 8y

us using an inductive procedure we can choose homeomorphisms g

Y+ M x I” 50 that g, (008, h(K)ﬂ(M X (Ul 1)) = ¢ and g =

g; gives a homeomorphism of M x I onto 1tself, Since we are able

lect each g; arbitrarily close to 1deIco we can choose {g } =1 S0
goh(K)N(M x B(I )) = ¢, thus gah(K)CM X s and we are done. E]







1.

2.

3.

10.

References

R.D. Anderson, Strongly negligible sets in Fréchet manifolds, Bull.
Amer. Math. Soc. T5 (1969), 64-67.

» Topological properties of the Hilbert cube and the in-

finite product of open 1ntervals, Trans. Amer. Math. Soc. 126 (2)
(1967), 200-216.

————————————— »-On topological infinite deficiency, Mich. Math. J. 14
(1967), 365-383.

R.D. Anderson and R.H. Bing, A complete elementary proof that Hilbert

Space is homeomorphic to the countable infinite product of lines,
Bull. Amer. Math. Soc. Tk (1968), 771-792.

R.D. Anderson, David W. Henderson, and James E. West, Negligible
subsets of infinite-dimensional manifolds, Compositio Math. 21 (1969),
143-150,

R.D. Anderson and John D. McCharen, On Extending homeomorphisms to
Fréchet manifolds, Proc. Amer. Math. Soc. 25 (1970), 283-289,

T.A. Chapman, Infinite-deficiency in Fréchet manifolds, Trans. Amer.
Math. Soc. 148 (1970), 137-1L6.

Williem H. Cutler, Negligible subsets of infinite~dimensional Fréchet

‘manifolds, Proc. Amer. Math. Soc. 23 (1969), 668-675.

——————— e » Deficiency in F-manifolds (submitted)

James Dugundji, Topology, Allyn and Bacon, Inc., Boston, 1966,

1. D.W. Henderson, Stable-classification‘gg infinite-dimensional mani-

folds by homotopy type (submitted)




------------- » Corrections and extensions of two papers about

infinite-dimensional manifolds (submitted)

V.L. Klee, Convex bodies and periodic homeomorphisms in Hilbert
space, Trans. Amer. Math. Soc. T4 (1953), 10-43,

____________ - Some topological properties of convex sets, Trans-
Amer. Math. Soc. 78 (1955), 30-L45.

E. Michael, Convex structures and continuous selection, Canadian
J. Math. 11 (1959), 556-576.

R. Palais, Homotopy theory of infinite-dimensional manifolds,
Topology 5 (1966), 1-16.

R, M. Schori, TOpologlcal stablllty for 1nf1n1te-d1men51onal mani-

folds, Compositio Math. (to appear).

James E. West, The ambient homeomorphy of an incomplete subspace

of 1nf1n1te—d1men51onal Hllbert space (submitted)

!

misiana State Unifersity, Baton Rouge, Louisiana

"and

thematisch Centrum;IAmsterdam, The Netherlands;




